In order to improve efficiency and accuracy, while maintaining an ease of modeling flows with the lattice Boltzmann approach in domains having complex geometry, a method for modeling equations of 2D flow in curvilinear coordinates has been developed. Both the transformed shallow water equations and the transformed 2D Navier-Stokes equations in the horizontal plane were synchronized with the equilibrium distribution function and the force term in the rectangular lattice.
INTRODUCTION
Since McNamara & Zanetti () eliminated the Bolean structure of the Lattice Gas Automata (LGA) by introducing the lattice Boltzmann method (LBM) two decades ago, this method has evolved into a powerful concept suitable for modeling very complex and demanding hydraulic problems.
Based on kinetic theory, in which fluid is defined as a discretized phase-space system made of individual particles colliding with each other while advancing with pre-defined velocities along their trajectories, it has allowed the establishment of a numerical procedure of parallel nature characterized by high accuracy, efficiency and simplicity in implementing the elements of the model. As such it is present in up-to-date flow studies both in the field of science and engineering.
As the aim of numerical modeling is to describe and learn relevant physical processes controlled by actual natu- (), Verschaeve & Müller () came up with an approach of reconstructing the unknown particle distribution function using density, velocity and rate of strain.
To avoid needing to know the parameters in the nodes neighboring the boundary nodes, Lee & Lee () suggested using a non-uniform calculation grid along the 
THE MATHEMATICAL MODEL
Complete transformation of shallow water equations in a curvilinear coordinate system Shallow water equations in Cartesian coordinates (x, y) are:
where x, y are the Cartesian coordinates, u, ν are the Cartesian components of the flow velocity, h is the water depth, z b is the bed level, τ bx , τ by are the bottom shear stresses, τ wx , τ wy are the shear stresses due to wind forcing, τ fx , τ fy are the shear stresses along the solid boundary (Zhou ), ρ is the water density, f is the Coriolis parameter andν is the coefficient of kinematic viscosity. By establishing the transfer function between the physical and calculation domain, (Figure 1 ), and applying the rules of complete transformation (Simmonds ) to Equations (1), (2) and (3), in a curvilinear coordinate system (ξ, η) they become:
In the transformed expressions, Equations (4), (5) and (6), ξ, η are the curvilinear coordinates, U, V are the contravariants of the velocity, J ¼ x ξ y η À x η y ξ is the determinant of the Jacobian matrix, x ξ , y ξ , x η , y η are the geometric derivatives (basis vectors), 
Corresponding expressions for E η and D η are given in Appendix A (available online at http://www.iwaponline.
com/jh/014/097.pdf).
The lattice Boltzmann method
For modeling the equations of 2D flow transformed in a curvilinear coordinate system (4-8 and A1-A2), the 2D LBM for rectangular lattice (D2Q9) proposed by Zhou () is adopted in this work. Since square or rectangular lattices are considered, the evolution of distribution function of particles is given by the lattice Boltzmann equation as:
To be applicable on a rectangular lattice, where dimensions Δξ and Δη of the lattice are unequal (Figure 1 ), the discretized velocity of particles, e α in case of rectangular lattice type D2Q9 is defined as:
where e ξ ¼ Δξ/Δt and e η ¼ Δη/Δt are the components of velocity e α in directions ξ and η, Δξ and Δη are the lattice sizes in ξ and η directions, f α is the distribution function of particles in the α link, f eq α is the local equilibrium distribution function, ζ is the position vector in the 2D curvilinear domain given as ζ ¼ (ξ, η), t is time and Δt is the time step.
As can be seen from Equation (10), the difference in adopting a lattice having a length/width ratio different from one, compared to the case of a classical square lattice, is in different particle velocity components depending on the direction of the α link. Examples concerning application of the LBM on rectangular lattices, both for physical domains of regular and complex shape, can be found in Zhou (). The next step in the creation of a lattice Boltzmann model with Equation (9) is to define appropriate local (4)- (8) and Equations (A1)-(A2). According to this and regarding the local equilibrium distribution function as given in (Zhou ) , the following form of f eq α is suggested here:
while the force term is given as:
It can be shown that an application of the Chapman-
Boon ; Zhou , ) on Equation (9), where physical variables are given as:
and the force term is:
results in transformed shallow water Equations (4)- (8) and (A1)-(A2) as presented earlier. Regarding the character of the diffusive terms, the following approximation of the kinematic viscosity is adopted:
Equation (15) According to Equations (5) and (6), geometrical coefficients G 11 , G 22 , G 12 and J depend on independent parameters ξ and η only. Their values need to be calculated once only, prior to proceeding along to the main calculation course. Consequently, for a constant value of kinematic viscosity the resulting relaxation time is also a function of independent parameters ξ and η only:
An analogous procedure to that used for transforming shallow water equations in a curvilinear coordinate system and modeling by LBM is applicable to the 2D (in the horizontal plane) Navier-Stokes equations as well.
Accordingly, the equilibrium function f eq α and the force term F α of the transformed 2D Navier-Stokes equations in a curvilinear coordinate system take the form:
and:
The corresponding transformed Navier-Stokes equations of flow are given in Appendix B (available online http:// www.iwaponline.com/jh/014/097.pdf). In the suggested Equation (18) parameter ω, defined by Zhou () as:
controls stability. Applying the Chapman-Enskog analysis on Equation (9), using local equilibrium distribution function 
while the velocity gradient equal to zero at the downstream end is written as:
Since the calculation is carried out in classical rectangular lattices, a no-slip condition realized through the bounceback procedure has been set as the boundary condition along the solid boundary.
In Figures 3 and 4 the numerical solution in the form of velocity distribution across the channel is compared to the analytical solution given by:
where s is distance measured from the left bank of the channel in the Cartesian domain.
As seen in Figure 3 the numerical solution obtained by the proposed LBM fully coincides with the analytical.
Pool of circular shape in base plot
The second example for testing the suitability of the suggested LBM for modeling shallow water equations transformed in curvilinear coordinates is a more demanding circular shape pool. This pool represents a simplified pond having bottom levels relative to the water level given by Kranenburg () as:
where r is the distance from the center of the pond and R 0 ¼ 194.0 m is the radius of the pond edge.
As can be seen in Figure 5 showing the applied curvi- This deteriorates the stability of the LBM. In order to get 
where h is the water depth, H ¼ 1/1.3 is the weighted aver- Figure 6 .
Comparison of the numerical solution to the analytical in the form of normalized depth-averaged velocity profiles, κu k /(u * lnZ ) across the pool along the axis normal to the wind direction s r is given in Figure 7 . In the case of the analytical solution, velocity u k is given by Equation (24) while in the numerical solution u k is defined as
The calculated flow pattern given in Figure 6 is in full agreement with the expected wind-generated patterns occurring in ponds; the flow pattern is symmetrical, the flow direction near to the pond's edge coincides with the wind direction, while it is opposite along the axis of sym- Prismatic flume in a 180 W bend
As mentioned previously, the aim of mathematical modeling is in defining, studying and calculating processes in domains 'as given'. Consequently, the mathematical model needs to be checked not just for relatively simple cases for which an analytical solution is available, but also for more complex Since the bottom shear stresses, τ bx , τ by were modeled by Manning's equation,
Chezy's coefficient of friction resistance has been set to C ¼ 32. This resulted in Manning's coefficient of n ¼ 0.023 m À1/3 s À1 . A similar expression was assumed for the friction stresses, τ fx , τ fy along the solid boundary:
where C f ¼ 3.75 has been agreed upon. In accordance with the friction stresses τ fx , τ fy modeled along the solid boundary, the slip condition has been applied by the original elasticcollision scheme. Accordingly, the unknown particle distribution function was determined in its familiar form: 
